
Contents

Acknowledgments iii

List of Publications v

1 Introduction 1
1.1 Spin textures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Topological spin textures . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.3 Multiple-Q magnetic states . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.4 Mechanism for noncoplanar spin textures . . . . . . . . . . . . . . . . . . 8

1.4.1 Dzyaloshinskii-Moriya interaction . . . . . . . . . . . . . . . . . . . 8
1.4.2 Competing exchange interactions . . . . . . . . . . . . . . . . . . . 11

1.5 Symmetry-based modeling in real space . . . . . . . . . . . . . . . . . . . 17
1.6 Control of spin textures . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
1.7 Purpose of this thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
1.8 Organization of this thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2 Method 25
2.1 Symmetry analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.1.1 Ordinary crystallographic groups . . . . . . . . . . . . . . . . . . . 26
2.1.2 Magnetic crystallographic group . . . . . . . . . . . . . . . . . . . 27
2.1.3 Representation theory . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.2 Magnetic-state analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
2.2.1 Variational calculation . . . . . . . . . . . . . . . . . . . . . . . . . 29
2.2.2 Simulated annealing . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.3 Microscopic analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.3.1 Schrieffer-Wolff transformation . . . . . . . . . . . . . . . . . . . . 32
2.3.2 Perturbation expansion . . . . . . . . . . . . . . . . . . . . . . . . 32

2.4 Floquet analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
2.4.1 Floquet theorem and high-frequency expansion . . . . . . . . . . . 33
2.4.2 Floquet Landau-Lifshitz-Gilbert equation . . . . . . . . . . . . . . 34

3 Effective spin model for multiple-Q states 37
3.1 General symmetry rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.1.1 Natom=1 case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
3.1.2 Natom>1 case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.2 Effective spin model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

vii



CONTENTS

3.2.1 Tetragonal, hexagonal, and trigonal crystal systems . . . . . . . . . 45
3.2.2 Cubic crystal systems . . . . . . . . . . . . . . . . . . . . . . . . . 51
3.2.3 Honeycomb and kagome structures . . . . . . . . . . . . . . . . . . 53
3.2.4 Candidate materials . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.3 Stable multiple-Q magnetic states . . . . . . . . . . . . . . . . . . . . . . . 57
3.3.1 Effect of bilinear interactions . . . . . . . . . . . . . . . . . . . . . 57
3.3.2 Trigonal crystal systems . . . . . . . . . . . . . . . . . . . . . . . . 63
3.3.3 Cubic crystal systems . . . . . . . . . . . . . . . . . . . . . . . . . 67
3.3.4 Honeycomb structure . . . . . . . . . . . . . . . . . . . . . . . . . 70
3.3.5 Other crystal systems . . . . . . . . . . . . . . . . . . . . . . . . . 81

3.4 Microscopic origin . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
3.4.1 Localized spin model . . . . . . . . . . . . . . . . . . . . . . . . . . 85
3.4.2 Itinerant electron model . . . . . . . . . . . . . . . . . . . . . . . . 85

3.5 Application to a specific itinerant model . . . . . . . . . . . . . . . . . . . 89
3.5.1 Anisotropic Periodic Anderson model . . . . . . . . . . . . . . . . . 89
3.5.2 Effective spin model . . . . . . . . . . . . . . . . . . . . . . . . . . 92
3.5.3 Simulation results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

3.6 Multipole interaction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
3.7 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

4 Symmetry analysis of laser-induced magnetic interactions via Floquet
engineering 107
4.1 Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

4.1.1 Static Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
4.1.2 Time-dependent Hamiltonian . . . . . . . . . . . . . . . . . . . . . 110
4.1.3 Effective time-independent Hamiltonian . . . . . . . . . . . . . . . 111

4.2 Symmetry analysis via Floquet theory . . . . . . . . . . . . . . . . . . . . 113
4.2.1 Anisotropic two-site two-spin interaction . . . . . . . . . . . . . . . 114
4.2.2 Anisotropic two-site three-spin interaction . . . . . . . . . . . . . . 117
4.2.3 Anisotropic three-site three-spin interaction . . . . . . . . . . . . . 120

4.3 Application to an isolated triangle . . . . . . . . . . . . . . . . . . . . . . . 121
4.3.1 Static Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
4.3.2 Laser-induced magnetic interactions . . . . . . . . . . . . . . . . . 123

4.4 Application to a kagome structure . . . . . . . . . . . . . . . . . . . . . . 128
4.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

5 Conclusion 135

A Magnetic representation for the Natom>1 case 139

B Interactions at other wave vectors 141
B.1 Fourfold rotational vectors in tetragonal crystal systems . . . . . . . . . . 141
B.2 Threefold rotational wave vectors in hexagonal and trigonal crystal systems 141
B.3 Low-symmetry wave vectors in tetragonal, hexagonal, and trigonal crystal

systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142
B.4 High-symmetry wave vectors in cubic crystal systems . . . . . . . . . . . . 147

viii



CONTENTS

C Details of the simulations 149
C.1 Other 3Q phases in trigonal crystal systems . . . . . . . . . . . . . . . . . 149
C.2 SkXs for the models with different interaction matrices . . . . . . . . . . . 150
C.3 Trivial phases in honeycomb structure . . . . . . . . . . . . . . . . . . . . 151

D Details of derivation 153
D.1 Honeycomb bilinear-biquadratic model . . . . . . . . . . . . . . . . . . . . 153
D.2 Negative intersublattice interaction . . . . . . . . . . . . . . . . . . . . . . 155
D.3 General effective Hamiltonian of the anisotropic periodic Anderson model 158

E Classification of multiple interactions 161
E.1 [100] bond . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161
E.2 [001] bond . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171

F Correspondence to two-dimensional hexagonal and tetragonal systems 181

G Interaction matrix and third-rank ME tensor in the global Cartesian
spin coordinate 183

H Bases of irreducible representation 185

ix


	Acknowledgments 
	List of Publications 
	Introduction 
	Spin textures 
	Topological spin textures 
	Multiple-Q magnetic states 
	Mechanism for noncoplanar spin textures 
	Dzyaloshinskii-Moriya interaction 
	Competing exchange interactions 

	Symmetry-based modeling in real space 
	Control of spin textures 
	Purpose of this thesis 
	Organization of this thesis 

	Method 
	Symmetry analysis 
	Ordinary crystallographic groups 
	Magnetic crystallographic group 
	Representation theory 

	Magnetic-state analysis 
	Variational calculation 
	Simulated annealing 

	Microscopic analysis 
	Schrieffer-Wolff transformation 
	Perturbation expansion 

	Floquet analysis 
	Floquet theorem and high-frequency expansion 
	Floquet Landau-Lifshitz-Gilbert equation 


	Effective spin model for multiple-Q states 
	General symmetry rules 
	Natom=1 case 
	Natom>1 case 

	Effective spin model 
	Tetragonal, hexagonal, and trigonal crystal systems 
	Cubic crystal systems 
	Honeycomb and kagome structures 
	Candidate materials 

	Stable multiple-Q magnetic states
	Effect of bilinear interactions 
	Trigonal crystal systems 
	Cubic crystal systems 
	Honeycomb structure 
	Other crystal systems 

	Microscopic origin 
	Localized spin model 
	Itinerant electron model 

	Application to a specific itinerant model 
	Anisotropic Periodic Anderson model
	Effective spin model
	Simulation results

	Multipole interaction 
	Summary 

	Symmetry analysis of laser-induced magnetic interactions via Floquet engineering 
	Model
	Static Hamiltonian
	Time-dependent Hamiltonian
	Effective time-independent Hamiltonian

	Symmetry analysis via Floquet theory
	Anisotropic two-site two-spin interaction
	Anisotropic two-site three-spin interaction
	Anisotropic three-site three-spin interaction

	Application to an isolated triangle
	Static Hamiltonian
	Laser-induced magnetic interactions 

	Application to a kagome structure 
	Summary

	Conclusion 
	Magnetic representation for the Natom>1 case
	Interactions at other wave vectors 
	Fourfold rotational vectors in tetragonal crystal systems 
	Threefold rotational wave vectors in hexagonal and trigonal crystal systems 
	Low-symmetry wave vectors in tetragonal, hexagonal, and trigonal crystal systems  
	High-symmetry wave vectors in cubic crystal systems  

	Details of the simulations
	Other 3Q phases in trigonal crystal systems 
	SkXs for the models with different interaction matrices 
	Trivial phases in honeycomb structure 

	Details of derivation
	Honeycomb bilinear-biquadratic model 
	Negative intersublattice interaction 
	General effective Hamiltonian of the anisotropic periodic Anderson model 

	Classification of multiple interactions 
	[100] bond 
	[001] bond 

	Correspondence to two-dimensional hexagonal and tetragonal systems
	Interaction matrix and third-rank ME tensor in the global Cartesian spin coordinate
	Bases of irreducible representation

